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Abstract
The Hasse principle for similarity is established for restricted classes of skew-hermitian forms
over quaternion division algebras with canonical involution and for hermitian forms over division
algebras with involution of the second kind. A counterexample is produced to show that the principle
cannot hold for skew-hermitian forms over quaternion division algebras in general. This settles the
two final cases of Hasse principles for similarity of forms that were missing in the literature.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let K be a global field, i.e., either a number field or a function field in one variable over
a finite field. In the function field case we assume that char(K) = 2.
The classification of symmetric bilinear forms, and more generally all kinds of skew-
symmetric, hermitian and skew-hermitian forms defined over global fields (and non-
commutative extensions of global fields) relies heavily on local–global principles for cer-
tain equivalence classes of the respective kinds of forms. For instance to classify forms up
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Kp, p a prime of K (this is simpler and it turns out to give in each case a finite list of forms
of a given dimension). Then one establishes if possible a (weak) Hasse principle, i.e., the
fact that forms are globally equivalent if and only if they are locally equivalent.
The standard example, to which the several other classification problems are reduced,
are the “Hasse principles” for quadratic forms over global fields. These originate in seminal
theorems like Hilbert’s reciprocity law and the Hasse–Minkowski theorem, and can be
stated as follows:
• (Weak Hasse principle) A quadratic form q over a global field K is hyperbolic if and
only if q ⊗Kp is hyperbolic for all (finite and infinite) primes p of K .
• (Strong Hasse principle) A quadratic form q over a global field K is isotropic if and
only if q ⊗Kp is isotropic for all (finite and infinite) primes p of K .
An element a in a global field K is represented by a quadratic form q over K if and
only if a is represented by q ⊗Kp for all (finite and infinite) primes p of K .
Note that the two statements in the “strong Hasse principle” are equivalent since they
are formulated for all quadratic forms. Instead of saying that qp := q ⊗ Kp is hyperbolic
(isotropic, . . . ) for all primes p of K , we also say that q is locally hyperbolic (locally
isotropic, . . . ).
In this paper we are interested in classifying forms up to similarity, i.e., isometry up to
multiplying by a scalar factor. For the above mentioned forms such a classification is pos-
sible in many cases since a Hasse principle for similarity has been proven. Two cases seem
to be missing in the literature: skew-hermitian forms over (D, ¯ ), where D is a quaternion
division algebra over K equipped with the canonical involution, and hermitian forms over
(D, ¯ ), where D is a division algebra with ¯ an involution of the second kind. We deal with
both these remaining cases in this paper. We use the following terminology throughout the
paper:
Definition 1.1. Let K be a global field and let D be a finite-dimensional K-division al-
gebra with involution ¯ . We consider ε-hermitian forms (ε = ±1) over (D, ¯ ), where we
allow the possibility that D = K and ¯ is the identity map (e.g., symmetric bilinear, skew-
symmetric bilinear, hermitian, and skew-hermitian forms). All forms considered in this
paper are assumed to be non-singular. We say that the weak Hasse principle holds for such
forms whenever a form is globally hyperbolic if and only if it is locally hyperbolic.
Let ϕ be an ε-hermitian form over (D, ¯ ). We say that the Hasse principle for isometry
(respectively similarity) holds for ϕ if all forms ϕ′ over (D, ¯ ) that are locally isometric
(respectively locally similar) to ϕ are globally isometric (respectively globally similar)
to ϕ. For short, we say that HPI (respectively HPS) holds for ϕ.
We say that the (strong) Hasse principle for isometry (respectively similarity) holds for
ε-hermitian forms over (D, ¯ ) if HPI (respectively HPS) holds for all such forms ϕ over
(D, ¯ ).
Let us summarize the known results for all the different kinds of forms. (Ref. [8] is a
survey of the isometry classification problem in general.)
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HPS holds by work of Ono [10]. The HPS for bilinear forms in general has also been
studied by Cortella [4].
(b) Skew-symmetric bilinear forms over K : the HPS holds since any two such forms are
isometric if and only if they have the same dimension (which is necessarily even).
(c) Hermitian forms over (K(√α), ¯ ), where x + y√α = x−y√α for x, y ∈ K : the HPS
holds by a theorem of Jacobson (which says that such a form is completely determined
by its trace form, which is a quadratic form over K) and Ono’s Theorem. See also [4].
(d) Skew-hermitian forms over (K(√α), ¯ ): such forms h may be treated as hermitian
forms via the equivalence h → √αh. So the HPS holds by case (c).
(e) Hermitian forms over (D, ¯ ), where D is a quaternion division algebra over K and ¯
is quaternion conjugation: Jacobson’s Theorem applies here as well, so the HPS holds
by Ono’s Theorem.
(f) Skew-hermitian forms over (D, ¯ ): the HPI fails in this case; two skew-hermitian
forms can be isometric at all primes without being globally isometric. On the other
hand, we will show in Theorem 2.22 that the HPS holds for restricted classes of skew-
hermitian forms. This is our main result. We also mention that Thomas [12] proved
a Hasse principle for simple isometry (i.e., isometry of reduced norm 1) of skew-
hermitian forms over (D, ¯ ) which is useful in the context of Algebraic L-Theory.
(g) Hermitian forms over (D, ¯ ), where D is a division algebra and the involution ¯ is of
the second kind: the HPS always holds, as we will show in Theorem 3.3. Note that as
in case (d), there is no distinction here between hermitian and skew-hermitian forms.
Also note that the HPI was proved by Landherr in 1938. This is well documented in
[11, 10.6].
(h) In cases (e)–(g) when D is split the problem can be reduced by Morita theory to forms
over K .
Our main reference for the theory of division algebras with involution and the local–
global theory of hermitian forms is [11]. Here one can also find a detailed treatment of the
Hasse principle for isometry of ε-hermitian forms (ε = ±1) over global fields. The main
results in this area are due to Kneser and Springer.
2. Skew-hermitian forms over a quaternion division algebra
Throughout this section K is a global field of characteristic not 2 and D is a quaternion
division algebra with center K . We endow D with the canonical involution ¯ (quaternion
conjugation), cf. [11, 11.2, p. 314].
We are interested in the local–global behaviour of isometry classes and similarity classes
of skew-hermitian forms over (D, ¯ ). So we also need to consider such forms over (Dp, ¯ ),
where Dp := D ⊗K Kp and Kp is some completion of K (which can be archimedean or
non-archimedean in the number field case). Therefore we recall first some facts on skew-
hermitian forms over a quaternion algebra (D, ¯ ) with center a (general) field F and ¯ the
canonical involution.
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ization
ϕ 	 〈α1, . . . , αn〉,
with αi ∈ D×0 , where D0 is the set of pure quaternions in D (i.e., the set of skew-symmetric
elements in D), and D×0 the units in D0. The discriminant of ϕ is defined to be
discϕ := (−1)n detϕ mod F×2,
where the determinant of ϕ is given by
detϕ := N(Hϕ) mod F×2
with Hϕ any matrix representing ϕ and N the reduced norm from D to F .
One defines hyperbolic forms and Witt classes in the usual way, so one also has a Witt
group of skew-hermitian forms, denoted by W−1(D, ¯ ). This Witt group is related to var-
ious other Witt groups by an exact sequence. We recall how this is done. Let i ∈ D×0 .
Consider L = F(i) and choose j ∈ D×0 such that ij = −ji. Then D = L ⊕ jL and D
corresponds to the symbol (a, b)F with i2 = a, j2 = b, which is the quaternion algebra
corresponding to the norm form 〈1,−a,−b, ab〉. Furthermore, L carries a non-trivial au-
tomorphism determined by i → −i, which we also denote by ¯ .
Let V be some finite-dimensional right D-vector space. Every ε-hermitian form h :V ×
V → D, ε = ±1, can be written as
h(x, y) = f (x, y) + jg(x, y)
with f := π1h, g := π2h where π1(α + jβ) = α and π2(α + jβ) = β for α, β ∈ L. Since
the non-singularity of h implies the non-singularity of f and g, isometries of h yield isome-
tries of f and of g and since if h is hyperbolic so are f and g, we get induced maps
π1 :W
(
D, ¯)→ W (L, ¯)
and
π2 :W
−1(D, ¯)→ W(L).
(Here W( · , ¯ ) is the Witt group of hermitian forms with respect to ¯ , and W−1( · , ¯ ) is
the Witt group of skew-hermitian forms with respect to ¯ .)
This yields the following exact sequence (cf. [11, Theorem 3.2, p. 359]),
0 → W (D, ¯) π1−→ W (L, ¯) β−→ W−1(D, ¯) π2−→ W(L). (1)
The map β is induced by 〈u〉 → 〈ui〉, u ∈ L×. Note that such a sequence exists for every
L = F(λ), with λ ∈ D×0 . Also, the sequence extends to a larger exact sequence as in [9]
but we do not need it for this paper.
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(D, ¯ ) reduces by Morita theory to the classification of quadratic forms over F . In-
deed, with any skew-hermitian form h over (D, ¯ ) one can associate an even-dimensional
quadratic form qh (cf. [11, p. 361]) which has the following properties:
• dimqh = 2 dimh,
• discqh = disch,
• if α ∈ F× then qαh 	 αqh.
The classification of skew-hermitian forms over a quaternion division algebra (D, ¯ )
with center a local or a global field is explained in [11, Chapter 10, Sections 3 and 4]. The
main results to which we will refer are Tsukamoto’s Theorem [11, 10.3.6] and theorem [11,
10.3.7] for algebras with centre a local field and theorems [11, 10.4.1, 10.4.3] due to Kneser
and Springer for algebras with centre a global field. We will use the following consequence
of these classification theorems for algebras over a local field.
Corollary 2.1. Let K be a global field and let p be a prime of K .
If ϕ is a skew-hermitian form over a quaternion division algebra over Kp, then ϕ 	Kp
αϕ for all α ∈ K×p .
Let ϕ be a skew-hermitian form over a split quaternion algebra over Kp, and let δ =
discϕ.
(i) If Kp = C, then ϕ 	C αϕ for all α ∈ C×.
(ii) If Kp = R and if ϕ is hyperbolic then ϕ 	R αϕ for all α ∈ R×. If ϕ is not hyperbolic
then ϕ 	R αϕ for all positive α ∈ R×.
(iii) If p is a finite prime, then ϕ 	Kp αϕ for all α ∈ Kp such that (α, δ)Kp is trivial in
2Br(Kp), the 2-part of the Brauer group Br(Kp).
The result of Kneser and Springer constitutes a strong Hasse principle for isotropy for
skew-hermitian forms of dimension  3. The hypothesis dimϕ  3 for isotropy is related
to the fact that the local–global principle for hyperbolicity (the weak Hasse principle) does
not hold. One has the following local–global classification of skew-hermitian forms up to
isometry.
Theorem 2.2 [11, 10.4.6]. For every positive even dimension there exist exactly 2s−2 isom-
etry classes of locally hyperbolic forms. Every class of locally isometric forms consists of
2s−2 isometry classes.
So in order to classify the isometry classes of even-dimensional forms one needs an
invariant to distinguish the 2s−2 different isometry classes of locally hyperbolic forms.
Let K be any field of characteristic not 2 and (D,σ ) a central division algebra over
K with an involution σ of the first kind. In [1] Bartels introduced for a pair of skew-
hermitian forms of the same rank and discriminant over (D,σ ), say ϕ, ψ , a relative Galois
cohomological invariant c(ϕ,ψ) taking values in 2Br(K)/〈D〉, where 〈D〉 is the subgroup
of 2Br(K) generated by D. We refer to [1] and [3] for the formal definition of the Bartels
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its relation with “classical” Clifford invariants. We will also use this terminology.) We
recall some of its basic properties since we will use them in our proofs. We also recall a
globalized version of this invariant as given by the first author in [7].
2.1. The Clifford invariant of a skew-hermitian form
Let K be a field of characteristic not 2 and (D,σ ) a central division algebra with
involution σ of the first kind. Let ϕ and ψ be skew-hermitian forms over (D,σ ) with
the same rank and the same discriminant. Briefly the relative Clifford invariant c(ϕ,ψ)
is defined as follows: the pair ϕ, ψ is represented by an element of the cohomology
group H 1(K,SU(ϕ)), SU(ϕ) being the special unitary group of ϕ. The exact sequence
1 → Z/2Z → Spin(ϕ) → SU(ϕ) → 1 induces a sequence in cohomology. The image of
the element representing the pair ϕ,ψ under the map H 1(K,SU(ϕ)) → H 2(K,Z/2Z)
yields an element in H 2(K,Z/2Z). This element modulo the class of D in H 2(K,Z/2Z)
(identified with 2Br(K)) is c(ϕ,ψ). So c(ϕ,ψ) ∈ 2Br(F )/〈D〉. Satz 4 of [1] provides some
properties of this relative Clifford invariant:
Theorem 2.3.
(i) c(ϕ1, ϕ2)2 = 1,
(ii) c(ϕ1, ϕ2) = c(ϕ2, ϕ1),
(iii) c(ϕ1, ϕ2)c(ϕ2, ϕ3) = c(ϕ1, ϕ3),
(iv) c(ϕ1 ⊥ ϕ3, ϕ2 ⊥ ϕ3) = c(ϕ1, ϕ2),
(v) c(ϕ,αϕ) = (α, d) mod D with α ∈ K× and d = discϕ.
Let H2n be a hyperbolic skew-hermitian form over (D,σ ) of rank 2n. If τ is a skew-
hermitian form over (D,σ ) of rank 2n and with trivial discriminant then as in [3, p. 202]
we define
C(τ ) := c(τ,H2n). (2)
Note that if L is a splitting field of D so that D ⊗K L ∼= Mm(L), then
C(τ ) ⊗K L = c(qτ⊗L), (3)
where qτ⊗L is the quadratic form associated to τ ⊗ L via Morita theory and c denotes
the classical Clifford invariant of a quadratic form. For further details see [3, Section 2],
especially Lemma 2.1.3 and its proof.
For forms ϕ and ψ of the same rank and discriminant, property (iv) of Theorem 2.3
implies
C(ϕ ⊥ −ψ) = c(ϕ ⊥ −ψ,ψ ⊥ −ψ) = c(ϕ,ψ). (4)
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same discriminant δ. Let α ∈ K×. Then
C(ϕ ⊥ −αψ) = C(ϕ ⊥ −ψ)(α, δ)K in 2Br(K)/〈D〉.
(Here (α, δ)K denotes the image of (α, δ)K in 2Br(K)/〈D〉.)
Proof. Note that the hypotheses imply that C(ϕ ⊥ −ψ) and C(ϕ ⊥ −αψ) are both defined.
Theorem 2.3 implies
C(ϕ ⊥ −ψ)C(ϕ ⊥ −αψ) = c(ϕ,ψ)c(ϕ,αψ) = c(ψ,αψ) = (α, δ)K.
This proves the lemma. 
Let L/K be a quadratic extension and resL/K : 2Br(K)/〈D〉 → 2Br(L)/〈D ⊗ L〉 the
scalar extensions map. The following observation will be important for our discussion of
HPS.
Corollary 2.5. Let ϕ and ψ be two skew-hermitian forms over (D, ¯ ) with the same rank
and the same discriminant δ. Then there exists an α ∈ K× such that C(ϕ ⊥ −αψ) is trivial
if and only if C(ϕ ⊥ −ψ) ∈ Ker(resK(√δ)/K).
Proof. (For the sake of simplicity we denote resK(√δ)/K by res.) If C(ϕ ⊥ −αψ) is trivial,
Lemma 2.4 implies that
1 = C(ϕ ⊥ −αψ) = C(ϕ ⊥ −ψ)(α, δ)K.
Since (α, δ)K ∈ Ker(res), so does C(ϕ ⊥ −ψ).
Conversely, assume that C(ϕ ⊥ −ψ) ∈ Ker(res). Let C(ϕ ⊥ −ψ) =: E mod 〈D〉, then
either E ⊗K K(
√
δ) or (E ⊗K D) ⊗K K(
√
δ) is trivial in Br(K(
√
δ)). So either E =
(α, δ)K , or E ⊗K D = (α, δ)K , with α ∈ K×. Lemma 2.4 then gives
C(ϕ ⊥ −αψ) = C(ϕ ⊥ −ψ)(α, δ)K = (α, δ)2K = 1. 
We return to the case of interest to us. Let K be a global field and (D, ¯ ) a quaternion
division algebra over K with canonical involution. In case K is a number field let A be the
ring of integers of K . We distinguish between finite and infinite primes, where the finite
primes correspond to elements in Spec(A) and where the infinite primes correspond to the
archimedean absolute values on K . We introduce some notation:
ΩK = {primes of K},
Ω∞K = {infinite primes of K},
Ω
f
K = {finite primes of K},
Ω realK =
{
p ∈ Ω∞K | Kp = R
}
,
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{
p ∈ ΩK | Dp = 1 in 2Br(Kp)
}
.
By taking the 2-part of the exact sequence of [11, 10.2.3(v)] we have the following
reciprocity exact sequence:
1 −→ 2Br(K) ι−→
⊕
p∈ΩK
2Br(Kp)
∏
invp−−−−→ {1,−1} −→ 1 (5)
where invp is the isomorphism 2Br(Kp) ∼= {1,−1}, invp(H) is 1 if the quaternion algebra
H is split and −1 otherwise (in which case we say that H is ramified at p). (Hilbert’s
reciprocity law says that the composite
∏
invp ◦ ι is the zero map.)
Denote
2BrΩD(K) :=
{
H ∈ 2Br(K) | invp(Hp) = 1 for all p ∈ ΩK \ΩD
}
.
We identify 2BrΩD(K) with its image in
⊕
p∈ΩK 2Br(Kp). Note that this image lies in the
finite direct summand
⊕
p∈ΩD 2Br(Kp). It is not equal to this direct summand, it is equal
to the subgroup generated by the classes of quaternion algebras over K ramified at a fixed
prime p0 ∈ ΩD and exactly one other prime in ΩD . So 2BrΩD(K) has order 2s−1 with
s = |ΩD| ∈ 2Z.
Let ϕ and ψ be skew-hermitian forms over (D, ¯ ) with the same rank and the same
discriminant δ. If p is a prime of K and Kp is the completion of K with respect to p, then we
denote by c(ϕ,ψ)p the relative Clifford invariant of the pair ϕ, ψ viewed as skew-hermitian
forms over the quaternion algebra Dp = D ⊗ Kp with its canonical involution. Note that
c(ϕ,ψ)p = c(ϕ,ψ) ⊗ Kp, since the relative Clifford invariant is functorial. Similarly, if τ
is a skew-hermitian form with trivial discriminant, we have C(τ )p = C(τ ) ⊗Kp.
With these notations, the properties of the relative Clifford invariant given above yield:
Lemma 2.6. Let ϕ and ψ be skew-hermitian forms over (D, ¯ ) with the same rank and
the same discriminant. Then for all primes p of K such that D ⊗ Kp is split, c(ϕ,ψ)p =
C(ϕ ⊥ −ψ)p = c(qϕ)pc(qψ)p.
Proof. The first equality follows from formula (4). The second equality follows from for-
mula (3) and from the fact that since qϕ and qψ are even-dimensional quadratic forms we
have
c(qϕ ⊥ −qψ) = c(qϕ)c(−qψ)(δ, δ) = c(qϕ)c(qψ)(−1, δ)(δ, δ) = c(qϕ)c(qψ),
where δ is the discriminant of the forms ϕ and ψ . 
Corollary 2.7. Let ϕ and ψ be skew-hermitian forms over (D, ¯ ) which are locally iso-
metric, i.e., ϕ 	Kp ψ . Then c(ϕ,ψ) is defined and c(ϕ,ψ) ∈ 2BrΩD(K)/〈D〉, a group of
order 2s−2.
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are in the same square class locally and therefore also globally by the global square theo-
rem. This implies that c(ϕ,ψ) is defined. Lemma 2.6 yields that c(ϕ,ψ)p being equal to
c(ϕ,ϕ)p is trivial for all primes p such that Dp is split. Since the relative Clifford invariant
is only defined modulo the class of D we have c(ϕ,ψ) ∈ 2BrΩD(K)/〈D〉. That this is a
group of order 2s−2 follows directly from the fact that |2BrΩD(K)| = 2s−1. 
Corollary 2.8. Let ϕ and ψ be skew-hermitian forms over (D, ¯ ) which are locally similar,
i.e., for all p ∈ ΩK there is an αp ∈ K×p such that ϕ 	Kp αpψ . Then
S := {p ∈ ΩK \ΩD | (αp,discϕ)Kp = 1 in 2Br(Kp)
}
is a finite set.
Proof. The hypothesis implies that
c(qϕ)pc(qψ)p = c(qϕ)pc(qαϕ)p = (αp,discϕ)p, ∀p ∈ ΩK \ΩD.
Lemma 2.6 then yields
(αp,discϕ)p = C(ϕ ⊥ −ψ)p, ∀p ∈ ΩK \ ΩD.
Since C(ϕ ⊥ −ψ)p is trivial for almost all prime p it follows that the set S is finite. 
A skew-hermitian form τ over (D, ¯ ) which is locally hyperbolic everywhere has triv-
ial discriminant by the global square theorem, so C(τ ) is defined. We recall a globalized
version, ϑ(τ), of the Clifford invariant C(τ ) given by the first author in [7]. This approach
has the advantage that ϑ(τ) depends only on the Witt class of τ in W−1(D). Also the im-
portant fact (for our discussion) that ϑ distinguishes the global isometry classes of locally
hyperbolic forms, is intrinsically related to this definition.
Let τ be a skew-hermitian form over (D, ¯ ) which is locally hyperbolic everywhere, so
the class of τ in W−1(Dp, ¯ ) is trivial for all p ∈ ΩK . The exact sequence (1) yields the
following commutative diagram (we refer to [7] for the full details),
0 W(D, ¯ ) π1
p
W(L, ¯ ) β
q
W−1(D, ¯ ) π2
r
W(L)
s
0
∏
p∈ΩK
W(Dp, ¯ ) δ
∏
p∈ΩK
W(Lp, ¯ )
µ ∏
p∈ΩK
W−1(Dp, ¯ ) ν
∏
p∈ΩK
W(Lp)
(6)
In this diagram the maps p,q and s are injective since the Hasse principle for isometry
holds in these cases.
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such that β(γ ) = τ . Let d = discγ , the discriminant of γ , which is defined by
discγ := (−1)n(n−1)/2 detγ mod K×2,
where n = dimγ . (Note that the definition of discriminant depends on the type of form
considered, cf. Section 2.) Put i2 = a and consider the symbol (d, a)K ∈ 2Br(K). Define
Θ(τ) := (d, a)K ∈ 2Br(K).
The element Θ(τ) only depends on the isometry class of τ (even only on the class of
τ in W−1(D, ¯ )). Also, the form γ is only determined up to elements in Kerβ = Imπ1 ∼=
W(D, ¯ ). In [7] it is mentioned that Kerβ is the ideal generated by the two-dimensional
form 〈1,−b〉. As a consequence any form χ in Kerβ will have detχ = (−b)dimχ/2. Hence
discγ is determined only up to powers of b. Therefore Θ(τ) is uniquely defined only up
to elements in the subgroup 〈D〉 of 2Br(K) generated by D = (a, b)K . Furthermore, in [7]
it is shown that the commutative diagram yields that the locally hyperbolic skew-hermitian
form τ is globally hyperbolic if and only if Θ(τ) is trivial in the quotient 2Br(K)/〈D〉. So
the invariant
ϑ(τ) := Θ(τ) mod 〈D〉
determines the different isometry classes over K of locally hyperbolic forms τ .
Remark 2.9. The definition of Θ(τ) and ϑ(τ) required a choice of the quadratic subfield
L of D, i.e., a choice of the pure quaternion i. However, one can show that Θ(τ) and ϑ(τ)
do not depend on this choice (cf. [7]).
In [7, Proposition 6] it is shown that
ϑ(τ) = C(τ ),
so we obtain from Corollary 2.7 that ϑ(τ) ∈ 2BrΩD/〈D〉.
Example 2.10. Let K = Q and D the quaternion division algebra (−5,−13)Q. Then ΩD =
{2,5,13,∞}.
Consider the skew-hermitian form 〈βi,−i〉 with β ∈ Q×/Q×2 and i2 = −5. We have
〈βi〉 	Qp 〈i〉 for all p ∈ ΩD by Corollary 2.1. Assume β ∈ Z is such that (−5, β)Qp is
trivial for all p /∈ ΩD , then we also have for all p /∈ ΩD that 〈βi〉 	Qp 〈i〉. This follows
from Corollary 2.1(iii) since (−5,−13)Qp is split in this case and disc〈i〉 = −5.
So the form 〈βi,−i〉 is locally hyperbolic. We obtain
Θ
(〈βi,−i〉)= (β,−5)Q.
We consider the symbols (−5,−5)Qp (which is ramified at p = ∞ and p = 2),
(−2,−5)Qp (which is ramified at p = ∞ and p = 5) and (−39,−5)Qp (which is ram-
ified at p = ∞ and p = 13). We see that all possible values of the ϑ -invariant can occur.
206 D.W. Lewis et al. / Journal of Algebra 285 (2005) 196–2122.2. The Hasse principle for similarity
Let K be a global field and let D be a quaternion division algebra over K .
Let ϕ and ψ be skew-hermitian forms over (D, ¯ ) which are locally isometric. Let
δ = discϕ = discψ . Let α ∈ K× such that ϕ 	Kp αψ for all p ∈ ΩK . Then Lemma 2.4
says that
ϑ(ϕ ⊥ −αψ) = ϑ(ϕ ⊥ −ψ)(α, δ)K. (7)
Counterexample 2.11. Just as in Example 2.10, we let K = Q and consider the quaternion
division algebra (−5,−13)Q, generated by i and j with i2 = −5, j2 = −13 and ij = k.
We have ΩD = {2,5,13,∞}.
The forms 〈−3i〉 and 〈i〉 are locally isometric since (−3,−5)Qp = 1 for all p /∈
ΩD (this follows from Corollary 2.1). These forms are not globally isometric however,
since ϑ(〈−3i,−i〉) = Θ(〈−3i,−i〉) mod 〈D〉 = (−3,−5)Q is not trivial: upon identify-
ing Θ(〈−3i,−i〉) with its image in ⊕p∈ΩD 2Br(Qp) we see that (−3,−5)Q5 = −1, but
(−3,−5)Q13 = 1 (note that −1 is a square in Qp for both p = 5 and 13).
Now let ϕ1 = 〈−3i, j, k〉 and ϕ2 = 〈i, j, k〉, then ϕ1 and ϕ2 are locally isometric. Since
ϑ is only determined up to Witt equivalence we have
ϑ(ϕ1 ⊥ −ϕ2) = ϑ
(〈−3i,−i〉)= (−3,−5)Q,
which is not trivial by our earlier observation. Since disc(ϕ1)p = disc(ϕ2)p = 1 for both
p = 5 and 13, there is no way we can choose an α to make ϑ(ϕ1 ⊥ −αϕ2) trivial. In other
words, ϕ1 and ϕ2 are not globally similar.
Remark 2.12. The above example is adapted from the example in [5, p. 174], and indeed
is a counterexample to Hijikata’s own “result” in which he claims that the HPS is true in
dimension three.
In his review (Mathematical Reviews – 271420) of Hijikata’s paper Springer already
points out some problems in Hijikata’s proofs. Hijikata’s arguments for the HPS of
3-dimensional skew-hermitian forms over (D, ¯ ) rely on what is called one of the “ex-
ceptional isomorphisms” in the Book of Involutions [6] (although he talks of isogenies of
algebraic groups). He passes to looking at unitary involutions on algebras whose center is
K(
√
δ) and he uses the Hasse principle for isomorphisms of such algebras. However he
considers primes in K , where he should use primes in K(
√
δ). At a prime p of K for which
δ ∈ K×2p , K(
√
δ)⊗Kp is no longer a field and it is not clear to us why his argument holds
for such primes.
Definition 2.13. For δ ∈ K× we define
Gδ := Br
(
K
(√
δ
)
/K
)∩ 2BrΩD(K).
(Br(K(√δ)/K) is the kernel of the natural map Br(K) → Br(K(√δ)). Since K(√δ) is
equal to K or to a quadratic extension of K , it follows that Br(K(
√
δ)/K) is a subgroup
of 2Br(K).)
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Lemma 2.14. Let ϕ and ψ be two locally isometric skew-hermitian form over (D, ¯ ). Let
δ = discϕ (= discψ). Then there exists an α ∈ K× such that ϕ 	K αψ (i.e., ϕ and ψ are
globally similar) if and only if ϑ(ϕ ⊥ −ψ) ∈ Gδ .
Proof. If ϕ 	K αψ , then ϑ(ϕ ⊥ −αψ) is defined and trivial. Corollary 2.5 implies that
ϑ(ϕ ⊥ −ψ) is in the kernel of the scalar extension map res
K(
√
δ)/K
. We know that ϑ(ϕ ⊥
−ψ) is an element of 2BrΩD(K)/〈D〉 so ϑ(ϕ ⊥ −ψ) ∈ Gδ .
Conversely, assume that ϑ(ϕ ⊥ −ψ) ∈ Gδ . Let ϑ(ϕ ⊥ −ψ) =: E mod 〈D〉, then either
E ⊗K K(
√
δ) or (E ⊗K D)⊗K K(
√
δ) is trivial in Br(K(
√
δ)). So either E = (α, δ)K , or
E ⊗K D = (α, δ)K , with α ∈ K×. Using [10, Lemma 5] we can multiply α by a norm ν of
K(
√
δ)/K such that να ∈ Kp,+ for all p ∈ Ω realK such that δ ∈ Kp,+. So, since (α, δ)K =
(να, δ)K , we may assume without loss of generality that α ∈ Kp,+ for all p ∈ Ω realK such
that δ ∈ Kp,+. Now since E and D are both in 2BrΩD(K), it follows in any case that
(α, δ)K ⊗ Kp is trivial in Br(Kp) for all p /∈ ΩD . This implies that for all p ∈ Ω realK \ ΩD
such that δ is negative in Kp we have α ∈ Kp,+. So α ∈ Kp,+ for all p ∈ Ω realK \ ΩD .
Then, using Corollary 2.1, we obtain ϕ 	Kp αψ for all p ∈ ΩK . As in Corollary 2.5 ϑ(ϕ ⊥
−αψ) = ϑ(ϕ ⊥ −ψ)(α, δ)K = (α, δ)2K is trivial, so ϕ 	K αψ . 
Corollary 2.15. The number of global similarity classes in a local isometry class of a form
ϕ is equal to 2s−2|Gδ | , with δ = discϕ.
Proof. Follows directly from the lemma. 
Remark 2.16. The discriminant of a one-dimensional skew-hermitian form over (D, ¯ )
is not a square in Kq for all primes q (cf. [11, 10.3.6]). Therefore Corollary 2.15 yields
the following known fact (see [11, 10.4.5]). For every λ ∈ D×0 all one-dimensional skew-
hermitian forms over (D, ¯ ) which are locally isometric to 〈λ〉 are globally similar to 〈λ〉.
Proposition 2.17. Let (D, ¯ ) be a quaternion division algebra with canonical involution
over K . Let ϕ and ψ be n-dimensional skew-hermitian forms over (D, ¯ ) which are locally
similar, i.e., for all p ∈ ΩK there is an αp ∈ K×p such that ϕ 	Kp αpψ . Assume that there
exists a prime q ∈ ΩD such that discϕ /∈ K×2q . Then there exists an α ∈ K× such that for
all p ∈ ΩK , ϕ 	Kp αψ .
Proof. Let δ = discϕ. Since ϕ and ψ are locally similar, it is clear that δ = discψ . Actu-
ally δ = disc(γψ) for any scalar γ . Note also that the assumption implies that δ /∈ K×2 so
ϕ and ψ are not hyperbolic.
Define the set
S := {p ∈ ΩK \ΩD | (αp, δ)Kp = 1 in 2Br(Kp)
}
.
Corollary 2.8 says that S is a finite set. By hypothesis there is a prime q in ΩD such that
Kq(
√
δ)/K is a quadratic extension. Since every quadratic extension over Kq splits the
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following element (ωp) ∈⊕p∈ΩK 2Br(Kp),


ωp := (αp, δ)Kp if p ∈ S,
ωq := Dq if |S| is odd,
ωq := 1 if |S| is even,
ωr := 1 if r /∈ S ∪ {q}.
Note that
∏
p∈ΩK invp(ωp) = 1. The reciprocity exact sequence (5) implies the existence of
an element ω ∈ 2Br(K) such that ω⊗Kp = ωp for all p ∈ ΩK . We have that ω⊗K K(
√
δ)
is trivial since it is locally trivial everywhere. So ω = (α, δ)K for some α ∈ K×. We can,
using [10, Lemma 5], multiply α by a norm ν of K(
√
δ) such that signr να = signr αr for
all real primes r of K for which δ is positive in Kr. Then (να, δ)K = (α, δ)K . This means
that without loss of generality we may assume that signr α = signr αr for all real primes r
of K such that δ is positive in Kr.
If δ is negative in Kr′ for a real prime r′ not in ΩD the equality (α, δ)Kr′ = (αr′ , δ)Kr′
implies signr′ α = signr′ αr′ . So we actually have signr α = signr αr for all real primes r
not in ΩD .
We claim that ϕ 	Kp αψ for all p ∈ ΩK . We only have to consider primes p ∈ ΩK \ΩD ,
since ϕ 	Kr αψ for all α ∈ K× (see Corollary 2.1).
For the real primes r not in ΩD , ϕ 	Kr αψ if and only if signr qϕ = signr qαψ =
signr α signr qψ . That this holds follows from the above observation since by assumption
signr qϕ = signr αr signr qψ .
For the finite primes p ∈ ΩfK \ΩD the local isometries ϕ 	Kp αpψ yield
c(qϕ)Kp = c(qαpψ)Kp = c(qψ)Kp(αp, δ)Kp in 2Br(Kp).
Since (α, δ)Kp = (αp, δ)Kp we obtain
c(qϕ)Kp = c(qψ)Kp(α, δ)Kp .
Applying Corollary 2.1 again we obtain ϕ 	Kp αψ . This establishes the claim and there-
fore finishes the proof of the proposition. 
Proposition 2.18.
(a) The Hasse principle for similarity holds for all skew-hermitian forms of discriminant
1 over (D, ¯ ) if and only if |ΩD| = 2.
(b) The Hasse principle for similarity holds for all skew-hermitian forms of discriminant
δ = 1 over (D, ¯ ) if and only if there exists a prime p ∈ ΩD such that Dp ⊗ Kp(
√
δ)
is split and Gδ = 2BrΩD(K)/〈D〉.
Proof. (a) If |ΩD| = 2, since δ = 1 implies |Gδ| = 1, it follows from Corollary 2.15 that
there exist forms which are locally isometric but not globally similar. So the HPS fails.
Now suppose that |ΩD| = 2. Let ϕ,ψ be two skew-hermitian forms of discriminant 1
which are locally similar, say ϕ 	Kp αpψ with αp ∈ K×p . By approximation we can find
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that ϕ 	p αψ for all p ∈ ΩK . Since |ΩD| = 2 Corollary 2.15 implies that ϕ and αψ are
globally similar, so ϕ is also globally similar to ψ .
(b) Let δ = 1. Assume that for all primes q ∈ ΩD , δ ∈ K×2q . Choose T ⊂ ΩfK \ ΩD
such that |T | is odd and such that δ is not a square in Kp for all p ∈ T . Choose also one
prime q′ ∈ ΩD . The reciprocity exact sequence (5) implies the existence of an element
γ ∈ 2Br(K) such that invs(γ ) = −1 for all s ∈ T ∪ {p} and invs′(γ ) = 1 for all other
primes s′. Note that γp = (αp, δ)Kp for all primes p ∈ T since Kp(
√
δ)/Kp is a quadratic
extension and every quadratic extension of Kp splits the unique quaternion division algebra
over Kp.
From [2, Satz 2b] it follows that there exist skew-hermitian forms ϕ and ψ over (D, ¯ )
of the same rank (equal to 1), with discriminant δ and signr(ϕ) = signr(ψ) for all r ∈
Ω realK \ ΩD such that C(ϕ ⊥ −ψ) ≡ γ mod 〈D〉. By construction these forms ϕ and ψ
are locally similar, namely ϕ 	Kp αpψ for all p ∈ T , ϕ 	Kr ψ for all r ∈ Ω realK \ ΩD and
ϕ 	Kp ψ for all other primes p.
Suppose there is an element α ∈ K× such that ϕ 	K αψ . Then necessarily (α, δ)Kp is
non-trivial for all primes p ∈ T . For all finite primes p′ not in ΩD ∪T the element (α, δ)K ′p
is trivial. The same holds for all real primes r /∈ ΩD since ϕ 	Kr αψ implies that signr α is
positive. Finally for all primes q ∈ ΩD the element (α, δ)Kq is trivial since by assumption
δ ∈ K×2q . So we found that ϕ 	K αψ implies that (α, δ)K has exactly an odd number
of non-trivial invariants, which contradicts Hilbert’s reciprocity law. So such an α cannot
exists which means that there are pairs of skew-hermitian forms with discriminant δ for
which the HPS does not hold, i.e., HPS does not hold if we assume that δ belongs to K×2q
for every prime q ∈ ΩD .
Let now ϕ be a skew-hermitian form over (D, ¯ ) with discriminant δ. Suppose that
there exists a prime q ∈ ΩD such that δ /∈ K×2q . Proposition 2.17 implies that forms locally
similar to ϕ are locally isometric to a form αϕ with α ∈ K×. So the Hasse principle for sim-
ilarity holds for ϕ if and only if there is only one global similarity class in the local isometry
class of ϕ. Corollary 2.15 yields that this holds for ϕ if and only if Gδ = 2BrΩD(K)/〈D〉.
This proves the proposition. 
Remark 2.19. Note that if Gδ = 2BrΩD(K)/〈D〉 and if this group is non-trivial the hy-
potheses of Proposition 2.18 are satisfied and so the HPS holds for all skew-hermitian
forms over (D, ¯ ) with discriminant δ.
Corollary 2.20. Let µ ∈ K× be such that D⊗K K(√µ) is trivial in Br(K(√µ)). Then the
Hasse principle for similarity holds for all skew-hermitian forms over (D, ¯ ) of discrimi-
nant µ.
Proof. The hypothesis implies that Gµ = 2BrΩD(K)/〈D〉 and that µ /∈ K×2q for all primes
q ∈ ΩD . 
Corollary 2.21. If |ΩD| = 2 then the Hasse principle for similarity holds for all skew-
hermitian forms of discriminant δ = 1 over (D, ¯ ) if and only if there is a prime q ∈ ΩD
such that δ /∈ K×2q .
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part (b) of Proposition 2.18. 
Finally we obtain the following theorem:
Theorem 2.22.
(i) Let δ ∈ K× such that δ /∈ K×2p for all p ∈ ΩD . Then the Hasse principle for similarity
holds for skew-hermitian forms ϕ over (D, ¯ ) with discϕ = δ mod K×2.
(ii) Let ϕ be a skew-hermitian form over (D, ¯ ) of odd dimension and such that ϕ ⊗ Kp
has maximal Witt index for all p ∈ ΩD . Then the Hasse principle for similarity holds
for ϕ.
Proof. The first statement follows directly from Corollary 2.20.
For the second statement it is enough to show that the hypotheses on ϕ imply that
discϕ /∈ K×2p for all p ∈ ΩD .
To do this we examine two cases.
Case 1. If p ∈ ΩD ∩ Ω realK (in case K is a global function field this case is empty), then
D⊗K Kp = (−1,−1)Kp . Since Kp is real closed it is well known that all one-dimensional
skew-hermitian forms over D ⊗K Kp are isometric to 〈i〉, so ϕ ⊗ Kp = 〈i, i, . . . , i〉 and
discϕ = (−1)nN(i)n = −N(i) = i2 = −1. (Here N is the reduced norm so that N(λ) =
−λ2 for λ ∈ D×0 .) It follows that discϕ /∈ K×2p .
Case 2. For p ∈ ΩD ∩ ΩfK, D ⊗K Kp is (up to isomorphism) the unique quaternion divi-
sion algebra over Kp. By Tsukamoto’s results (cf. [13] and [11, 10.3.6]) either ϕ ⊗ Kp 	
〈λ〉 ⊥ H where λ is a pure quaternion and H a hyperbolic form or else ϕ ⊗ Kp 	 µ ⊥ H,
with µ the unique 3-dimensional anisotropic form over D ⊗K Kp (up to isometry) and
H hyperbolic. The second possibility however is ruled out by the hypothesis on the Witt
index.
If ϕ ⊗ Kp 	 〈λ〉 ⊥ H we see that discϕ = (−1)nN(λ) = λ2 which can take any value
except 1 in K×p /K×2p (cf. [11, 10.3.6]).
The result now follows. 
3. Hermitian forms over a division algebra with an involution of the second kind
Let k be a global field of characteristic not two, K = k(√a) a quadratic extension field
with non-trivial automorphism ¯ and D a finite-dimensional division algebra with cen-
ter K , equipped with a K/k-involution, also denoted by ¯ . (It is well known that D has to
be a cyclic algebra, however this fact is not used in the arguments.)
If p is a prime of k, we denote the completion of k at p by kp. Then Kp := K ⊗k kp will
either be a field or a double-field and Dp := D ⊗k kp will be an algebra with center Kp.
The involution of D extends in a unique way to an involution of Dp, again denoted by ¯ .
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dimensional right D-vector space. Then Vp := V ⊗k kp is a free right Dp-module of rank
dimD V and ϕ extends to a hermitian form ϕp :Vp × Vp → Dp. We use the notation of
[11, 10.6].
Recall [11, p. 375] that the determinant of ϕ is defined by
detϕ := N(H) ·NK/k
(
K×
) ∈ k×/NK/k
(
K×
)
,
where H is a matrix of ϕ with respect to a basis of V and N :D → K denotes the reduced
norm (we have in fact N(H) ∈ k).
If p is a real non-decomposed prime of k, the extension Kp/kp can be identified with
C/R , the algebra Dp splits and the hermitian form ϕp is completely determined by a
quadratic form qϕp via Morita theory. In this case, the signature of ϕ at p is defined by
signp(ϕ) = sign(ϕp) := sign(qϕp),
see [11, p. 376 ff.].
In 1938, Landherr proved the following Hasse principle for isometry of hermitian forms:
Theorem 3.1. Two hermitian forms ϕ and ψ over (D, ¯ ) are isometric if and only if ϕp
and ψp are isometric for all primes p of k.
Corollary 3.2. In the situation of Theorem 3.1, we have that ϕ 	 ψ if and only if dimϕ =
dimψ , detϕ = detψ and signp ϕ = signpψ for all real non-decomposed primes p of k.
The following theorem is an easy consequence of Landherr’s Theorem:
Theorem 3.3. Two hermitian forms ϕ and ψ over (D, ¯ ) are similar if and only if ϕp and
ψp are similar for all primes p of k.
Proof. One direction is trivial. For the other direction we assume that there exist αp ∈ kp
such that ϕp 	 αpψp for all primes p of k. We immediately have that dimϕ = dimψ =: n.
We also let m = degD. Two cases need to be considered:
Case 1: nm odd. Let α = detϕ · detψ (modulo norms). Then α ≡ αp (modulo norms).
Thus,
ϕp 	 αpψp 	 αψp = (αψ)p,
for all primes p of k. Hence ϕ 	 αψ , by Theorem 3.1. (Note that det(αpψp) =
N(αp)
n detψp = αnmp detψp = αp detψp.)
Case 2: nm even. Let εp ∈ {+1,−1} be the sign of αp for all real non-decomposed primes
p of k. By weak approximation we may choose an element α ∈ k such that α is of sign εp
for all real non-decomposed p. Then
signp ϕ = signϕp = εp signψp = sign(αψp) = signp(αψ)
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nm is even) follows directly from the fact that detϕp = detψp for all primes p of k. We
conclude that ϕ 	 αψ . 
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